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1 Çàäàíèå
Ïóñòü x1, . . . , xn � í.î.ð.ñ.â ðàñïðåäåëåííûå ðàâíîìåðíî íà
îòðåçêå [a, b], N � íåçàâèñèìàÿ ñ íèìè ñë.â. ðàñïðåäåëåííàÿ ïî

ïóàññîíîâñêîìó çàêîíó ñ ïàðàìåòðîì λ. Äîêàçàòü, ÷òî xt =
N∑

i=1
It[xi]

� ñëó÷àéíàÿ âåëè÷èíà, ãäå It � èíäèêàòîð îòðåçêà [a, t].
Äîêàçàòåëüñòâî:
Ïóñòü âñå xn è N ðàñïðåäåëåíû íà âåðîÿòíîñòíîì ïðîñòðàíñòâå

(Ω,F ,P).
Äîêàæåì, ÷òî It[xn] � ñëó÷àéíàÿ âåëè÷èíà. Ðàññìîòðèì ñîáûòèå

A = {ω|It[xn(ω)] < x}. Î÷åâèäíî ÷òî ïðè x ≤ 0, A = ∅, ïðè
x > 1, A = ω, à ïðè x ∈ (0, 1] ñîáûòèå A íàñòóïàåò òîëüêî
åñëè It[xn] = 0. ×òî â ñâîþ î÷åðåäü ïðîèñõîäèò, åñëè xn > t.

Òàêèì îáðàçîì A = {ω|xn(ω) > t} = x−1
n ((−∞, t)). Ïîñêîëüêó

(−∞, t) ∈ B è xn ñë.â., òî A = x−1
n ((−∞, t)) ∈ F . Òàêèì îáðàçîì ïðè

ëþáîì x, A = {ω|It[xn(ω)] < x} ∈ F . Åñëè òåïåðü îáîçíà÷èì ξ =
It[xn], òî ïîëó÷èì ξ−1((x,∞)) ∈ F . Òåïåðü íà îñíîâàíèè òîãî, ÷òî
ξ−1(A∩B) = ξ−1(A)∩ξ−1(B), ξ−1

( ∞⋂
n=1

An

)
=

∞⋂
n=1

ξ−1(An), ξ−1(A) =

ξ−1(A) ìîæíî çàêëþ÷èòü, ÷òî ∀A ∈ B, ξ−1(A) ∈ F (ïîñêîëüêó
B ïîðîæäàåòñÿ ïîëóèíòåðâàëàìè). Çíà÷èò ξ = It[xn] - ñëó÷àéíàÿ
âåëè÷èíà.

Äîêàæåì ÷òî ñóììà äâóõ ñëó÷àéíûõ âåëè÷èí � ñëó÷àéíàÿ
âåëè÷èíà. Èòàê, ïóñòü ξ1, ξ2 � ñëó÷àéíûå âåëè÷èíû, η = ξ1 + ξ2.

Ðàññìîòðèì ìíîæåñòâî {ω|η(ω) < x} è
⋃∞

i=1{ω|x1(ω) < ri} ∩
{ω|x2(ω) < x−ri}, ãäå ri � íåêîòîðàÿ íóìåðàöèÿ âñåõ ðàöèîíàëüíûõ
÷èñåë. Â ñèëó òîãî ÷òî x1, x2 � ñë.â., òî {ω|x1(ω) < ri}, {ω|x2(ω) <
x−ri} ∈ F . Çíà÷èò ïåðåñå÷åíèå ýòèõ ìíîæåñòâ òàêæå ïðèíàäëåæèò
F è èõ áåñêîíå÷íîå îáúåäèíåíèå òîæå ïðèíàäëåæèò F â ñèëó òîãî
÷òî F � σ-àëãåáðà. Èòàê

⋃∞
i=1{ω|x1(ω) < ri} ∩ {ω|x2(ω) < x− ri} ∈

F . Ïîêàæåì ÷òî ýòî ìíîæåñòâî ñîâïàäàåò ñ {ω|η(ω) < x}. Ïóñòü
ω ∈ ⋃∞

i=1{ω|x1(ω) < ri} ∩ {ω|x2(ω) < x − ri} ⇒ ∃j, x1(ω) <
rj, x2(ω) < x− rj ⇒ η(ω) = x1(ω)+x2(ω) < x. Â îáðàòíóþ ñòîðîíó.
Ïóñòü x1(ω)+x2(ω) < x ⇒ (x1(ω), x−x2(ω)) � îòêðûòîå ìíîæåñòâî.
Çíà÷èò ∃rj ∈ (x1(ω), x − x2(ω)) ⇒ x1(ω) < rj, x2(ω) < x − rj è ω
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ïðèíàäëåæèò ïåðâîìó ìíîæåñòâó. Òàêèì îáðàçîì ýòè äâà ìíîæåñòâà
ñîâïàäàþò è {ω|η(ω) < x} ∈ F . Ïîëó÷àåì ÷òî η−1((−∞, x)) ∈ F .
Àíàëîãè÷íî ïðèâåäåííûì ðàíåå ðàññóæäåíèÿì ïîëó÷àåì, ÷òî η =
ξ1 + ξ2 ñë.â..

Î÷åâèäíûì îáðàçîì ìîæíî ïåðåíåñòè óòâåðæäåíèå íà âñå
êîíå÷íûå ñóììû ñëó÷àéíûõ âåëè÷èí. Òîãäà ηk =

k∑
i=1

It[xi] �
ñëó÷àéíàÿ âåëè÷èíà. Çíà÷èò xt = ηN . Ðàññìîòðèì ìíîæåñòâî
{ω|xt(ω) < x} =

∞⋃
i=1
{ω|N(ω) ∈ {i}} ∩ {ω|ηi(ω) < x}. Â ñèëó òîãî,

÷òî N è etai ñë.â., òî ìíîæåñòâà â îáúåäèíåíèè ïðèíàäëåæàò F ,
çíà÷èò è âñå îáúåäèíåíèå ïðèíàäëåæèò F . Êðîìå òîãî î÷åâèäíî, ÷òî
ðàññìàòðèâàåìîå ìíîæåñòâî ñîâïàäàåò ñ ìíîæåñòâîì {ω|xt(ω) < x}.
Ïîëó÷àåì âíîâü, ÷òî x−1

t ((−∞, x)) ∈ F , è àíàëîãè÷íî äîêàçàííîìó
ðàíåå xt � ñëó÷àéíàÿ âåëè÷èíà. ¤

2 Çàäàíèå
Ïóñòü xt � ïóàññîíîâñêèé ïðîöåññ ïðè t ∈ (a,∞), a = t0 < t1 < t2 <

. . . < tn < ∞. Íàéòè ñîâìåñòíóþ õàðàêòåðèñòè÷åñêóþ ôóíêöèþ

ýòîãî âåêòîðà Ee
i

n∑
k=1

xtk
uk .

Äîêàçàòåëüñòâî:
Î÷åâèäíî, ÷òî

n∑
k=1

xtkuk =
n∑

k=1
xtk

(
n∑

r=k

ur −
n∑

r=k+1
ur

)
=

n∑
k=1

xtk

n∑
r=k

ur −
n∑

k=1
xtk

n∑
r=k+1

ur =
n−1∑
k=0

xtk+1

n∑
r=k+1

ur −
n∑

k=1
xtk

n∑
r=k+1

ur =

(ïîäðàçóìåâàåòñÿ, ÷òî
n∑

r=n+1
ur = 0, êðîìå òîãî ïî ñâîéñòâó

ïóàññîâíîâñêîãî ïðîöåññà xt0 = xa = 0 ï.í.) =
n−1∑
k=0

xtk+1

n∑
r=k+1

ur −
n−1∑
k=0

xtk

n∑
r=k+1

ur =
n−1∑
k=0

n∑
r=k+1

ur(xtk+1
− xtk) ï.í..

Çíà÷èò Ee
i

n∑
k=1

xtk
uk

= Ee
i

n−1∑
k=0

n∑
r=k+1

ur(xtk+1
−xtk

)
. Ïîñêîëüêó

ïðèðàùåíèÿ ïóàññîíîâñêîãî ïðîöåññà íåçàâèñèìû, òî ïîëó÷èì
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Ee
i

n∑
k=1

xtk
uk

=
n−1∏
k=0
Ee

i
n∑

r=k+1

ur(xtk+1
−xtk

)
.

Ïî ñâîéñòâó ïóàññîíîâñêîãî ïðîöåññà âñå ïðèðàùåííèÿ
ðàñïðåäåëåíû ïî ïóàññîâíîñêîìó çàêîíó ñ ïàðàìåòðîì λ

ìíîæåíûì íà âðåìÿ ïðèðàùåíèÿ. Çíà÷èò Ee
i

n∑
r=k+1

ur(xtk+1
−xtk

)
=

e
λ(tk+1−tk)


e

i
n∑

r=k+1
ur

−1




¤

3 Çàäàíèå
Ïðîöåññ wt � áðîóíîâñêîå äâèæåíèå ïðè t ∈ [0,∞). Äîêàçàòü, ÷òî
âñå òðè ïðîöåññà áðîóíîâñêèå:

à) w′
t =

√
cw t

c
, c > 0

á) w′′
t = wt+c − wc

â) w′′′t =

{
0 , t = 0
tw 1

t
, t > 0

Äîêàçàòåëüñòâî:
Äîêàæåì ÷òî w0 = 0, ï.í.. Èòàê, w′

0 =
√

cw0 = 0 ï.í., w′′
0 =

wc −wc = 0, w′′′
0 = 0 ïî îïðåäåëåíèþ, çíà÷èò ñâîéñòâî ïðèñóòñòâóåò

ó âñåõ ïðîöåññîâ.
Äîêàæåì íåçàâèñèìîñòü ïðèðàùåíèé. Ïóñòü t3 > t2 > t1. Òîãäà

w′
t2
− w′

t1
=

√
c
(
w t2

c
− w t1

c

)
� ýòè ïðèðàùåíèÿ íåçàâèñèìû èç

áðîóíîâîñòè wt, äëÿ òî÷åê t1
c , t2

c . Òàêæå w′′
t2
− w′′

t1
= wt2+c − wt1+c

� íåçàâèñèìû èç-çà íåçàâèñèìîñòè â èñõîäíîì ïðîöåññå äëÿ
òî÷åê t1 + c, t2 + c. Òàê æå w′′′

t2
− w′′′

t1
= t2w 1

t2

− t1w 1
t1

. Äëÿ
äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèå â ïóíêòå â), ïîñòðîèì
ñîâìåñòíóþ õàðàêòåðèñòè÷åñêó ôóíêöèþ äëÿ w′′′

t3
− w′′′

t2
, w′′′

t2
− w′′′

t1
.

Èòàê E exp
(
i
((

t2w 1
t2

− t1w 1
t1

)
x +

(
t3w 1

t3

− t2w 1
t2

)
y
))

=

E exp
(
i
(
−t1x

(
w 1

t1

− w 1
t2

)
+ (−t1x + t2x− t2y)

(
w 1

t2

− w 1
t3

)
+

(−t1x + t2x− t2y + t3y)w 1
t3

))
= exp

((
1
t1
− 1

t2

)
t21x

2/2
)

exp
((

1
t2
− 1

t3

)

((t2 − t1)x− t2y)2 /2
)

exp
(

1
t3
((t2 − t1)x + (t3 − t2)y)2/2

)
=

exp((t2 − t1)x
2/2) exp((t3 − t2)y

2/2). Ïîñêîëüêó îíà ðàñïàäàåòñÿ â
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ïðîèçâåäåíèå äâóõ ôóíêöèé, òî ïðèðàùåíèÿ íåçàâèñèìû.
Äîêàæåì òåïåðü ÷òî ïðèðàùåíèÿ ðàñïðåäåëåíû ïî íîðìàëüíîìó

çàêîíó ñ ïàðàìåòðàìè 0 è t2 − t1. Èòàê w′
t2
− w′

t1
=

√
c
(
w t2

c
− w t1

c

)
,

(
w t2

c
− w t1

c

)
∼ N(0, t2−t1

c ) ⇒ w′
t2
− w′

t1
=

√
c
(
w t2

c
− w t1

c

)
∼ N(0, t2 − t1). Òàêæå w′′

t2
− w′′

t1
= wt2+c − w′′

t1+c ∼
N(0, t2 − t1). Äëÿ ïîñëåäíåãî ñëó÷àÿ èìååì w′′′

t2
− w′′′

t1
= t2w 1

t2

−
t1w 1

t1

= t1(w 1
t2

− w 1
t1

) + (t2 − t1)w 1
t2

. Ïîñêîëüêó â èñõîäíîì ïðîöåññå
ïðèðàùåíèÿ íåçàâèñèìû, òî w 1

t2

− w 1
t1

è w 1
t2

� íåçàâèñèìû. Êðîìå

òîãî w 1
t1

− w 1
t2

∼ N(0, t1−t2
t1t2

) ⇒ t1

(
w 1

t2

− w 1
t1

)
∼ N(0, t1(t2−t1)

t2
); (t2 −

t1)w 1
t2

∼ N(0, (t2−t1)2

t2
). Â ñèëó èõ íåçàâèñèìîñòè, èõ ñóììà áóäåò

èìåòü ðàñïðåäåëåíèå N(0, t22+t21−2t1t2+t1t2−t21
t2

) = N(0, t2 − t1). Èòàê âñå
ïðèðàùåíèÿ ðàñïðåäåëåíû ïî íîðìàëüíîìó çàêîíó. ¤

4 Çàäàíèå
Çàäàí ïóàññîíîâñêèé ïðîöåññ xt ïðè t ∈ [0,∞) ñ ïàðàìåòðîì λ.

Ïóñòü τ0, τ0 + τ1, τ0 + τ1 + τ2, . . . � ìîìåíòû íàñòóïëåíèÿ ïåðâîãî,
âòîðîãî è ò.ä. ñîáûòèÿ â ïðîöåññå (ïðèðàùåíèÿ). Äîêàçàòü ÷òî τi �
í.î.ð.ñ.â., ∼ Exp(λ).

Äîêàçàòåëüñòâî:
Ïóñòü ξk =

k∑
i=1

τi.

Ïîñòàðàåìñÿ äëÿ íà÷àëà íàéòè ñîâìåñòíóþ ïëîòíîñòü pξ0,ξ1,...,ξn
.

Î÷åâèäíî, ÷òî pξ0,ξ1,...,ξn
(t0, . . . , tn) = ∂n

∂t0...∂tn
P(ξ0 ≤ t0, . . . , ξn ≤ tn).

Êðîìå òîãî P(ξ0 ≤ t0, . . . , ξn ≤ tn) = P(ξ0 ≤ t0, . . . , ξn−1 ≤
tn−1) − P(ξ0 ≤ t0, . . . , ξn−2 ≤ tn−2, ξn > tn) + . . . + (−1)n+1P(ξ0 >
t0, . . . , ξn > t0). Î÷åâèäíî, ÷òî ïðè äèôôåðåíöèðîâàíèè âñå
ñëàãàåìûå â êîòîðûõ ñîäåðæàòüñÿ íå ïîëíîñòüþ âñå ti óäàëÿòñÿ è
òàêèì îáðàçîì îñòàíåòñÿ pξ0,ξ1,...,ξn

(t1, . . . , tn) = (−1)n+1 ∂n

∂t0...∂tn
P(ξ0 >

t0, . . . , ξn > tn). Òåïåðü ðàñïèøåì P(ξ0 > t0, . . . , ξn > tn) =
P(xt0 ≤ 0, xt1 ≤ 1, . . . , xtn ≤ n) = P(xt0 = 0, xt1 = 0, . . . , xtn =
0) + . . . + P(xt0 = 0, xt1 = 1, . . . , xtn = n). Ðàññìîòðèì îäíó òàêóþ
âåðîÿòíîñòü, èòàê P(xt0 = k0, xt1 = k1, . . . , xtn = kn) = P(xt0 =
k0, xt1 − xt0 = k1 − k0, . . . , xtn − xtn−1

= kn − kn−1). Ïîñêîëüêó
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ïðèðàùåíèÿ íåçàâèñèìû è ðàñïðåäåëåíû ïî ïóàññîíîâñêîìó çàêîíó,
òî P(xt0 = k0, xt1 − xt0 = k1 − k0, . . . , xtn − xtn−1

= kn −
kn−1) = exp(−λt0)

(t0λ)k0

k0!
exp(−λ(t1 − t0))

((t1−t0)λ)k1−k0

(k1−k0)!
. . . exp(−λ(tn −

tn−1))
((tn−tn−1)λ)kn−kn−1

(kn−kn−1)!
= exp(−λtn)

(t0λ)k0

k0!
. . . ((tn−tn−1)λ)kn−kn−1

(kn−kn−1)!
. Êðîìå

òîãî k0 = 0, kn ≤ n. Çàìåòèì ÷òî äàííîå ïðîèçâåäåíèå íå
âûðîæäàåòñÿ ïðè äèôôåðåíöèðîâàíèè ïî âñåì ïåðåìåííûì òîëüêî
â ñëó÷àå ki − ki−1 <> 0, îäíàêî â òàêîì ñëó÷àå ïîëó÷àåì, ÷òî
ki − ki−1 = 1 äëÿ âñåõ i. Òàêèì îáðàçîì pξ0,ξ1,...,ξn

(t0, . . . , tn) ={
λn+1 exp(−tnλ) , t0 < t1 < . . . < tn
0 , èíà÷å
Òåïåðü P(τ0 ≤ t0, . . . , τn ≤ tn) = P(ξ0 ≤ t0, . . . , ξn −

ξn−1 ≤ tn) =
∫

(ξ0≤t0,...,ξn−ξn−1≤tn)
λn+1 exp(−ξnλ)I(ξ0 ≤ . . . ≤

ξn)dξ0 . . . dξn. Ñäåëàåì çàìåíó ïåðåìåííûõ τ0 = ξ0, τi = ξi − ξi−1.

Äèñêðèìåíàíò çàìåíû ðàâåí 1. Ïîëó÷èì
∫

(0≤τi≤ti,∀i)
λn+1 exp(−(τ0 +

. . . + τn)λ)dτ0 . . . dτn. Ýòîò èíòåãðàë ðàñïàäàåòñÿ â ïðîèçâåäåíèå
èíòåãðàëîâ

∫
(0≤τi≤ti)

λ exp(τiλ)dτi = 1 − e−λti. Ïîëó÷àåì P(τ0 ≤

t0, . . . , τn ≤ tn) = (1 − e−λt0) . . . (1 − e−λtn), à èç ýòîãî ñëåäóåò ÷òî
ñëó÷àéíûå âåëè÷èíû τi íåçàâèñèìû â ñîâîêóïíîñòè è îäèíàêîâî
ðàñïðåäåëåíû ïî ýêñïîíåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì λ.

¤
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